In this letter, we mainly investigate how to enhance the damaged quantum entanglement under an open Dirac system with Hawking effect within Schwarzschild space-time.
Introduction
Quantum entanglement has been a topic of great interest ever since the pioneering work presented by Einstein et al. [1] . It is the central concept within quantum information theory.
Entanglement can be defined as the inseparability of quantum states [2] [3] [4] [5] [6] [7] . It has been viewed as an important resource within quantum information processing tasks, such as quantum teleportation [8] [9] [10] , quantum key distribution [11] , quantum cryptograph [12, 13] , and quantum remote preparation [14] [15] [16] [17] [18] [19] . Recently, more and more efforts have been made on the research of quantum entanglement under the relativistic framework by discussing how the Unruh-Hawking effect influences the degree of entanglement [20] [21] [22] [23] [24] [25] [26] [27] , because it plays a vital role during achieving various quantum information processing tasks. Undoubtedly, the research of entanglement dynamics behaviors in a relativistic setting will not only provide a more complete framework for the quantum information theory, but also take a key part in the understanding of the entropy and information paradox of black holes [28] .
However, most of the current investigations are restricted to the investigation of quantum information in an isolated quantum system. Actually, a realistic quantum system unavoidably suffers from external environment, and leads to the decoherence. Decoherence effect has been studied in the cavity QED and other experiments [29, 30] , and it plays a fundamental role in the description of the quantum-to-classical transition [31, 32] . This bidirectional interaction between the system and its external noisy environment will lead to the degradation of quantum correlation or coherence. In certain cases, it will give rise to quantum entanglement sudden death (QESD).
There exists a fact that it is important to restore the damaged entanglement under an open Dirac system with Hawking effect within Schwarzschild space-time. Hence, we naturally arise a question: how to enhance or recover the damaged quantum entanglement for an open Dirac system within the curved space-time?
To solve the problem, we will investigate how to recover the lost quantum entanglement for an open Dirac system with the effect of Hawking radiation [33, 34] . Our aim is to focus on enhancing quantum entanglement with Hawking effect under a noisy channel, which may lead to much better enhance entanglement with Hawking effect in the presence of decoherence noise for quantum information processing. Our work contributes to exploring the situation that there are two observers, Alice and Bob, sharing an initial entangled state at the same initial point in the flat Minkowski space-time. Then, Bob freely falls in toward Schwarzschild black hole and finally locates near the event horizon, and Alice suffers from the decoherence noise. Besides, as a noise model for decoherence [35, 36] , we chose generalized amplitude damping (GAD) channel [37] , a reservoir in thermal equilibrium with a single qubit at a finite temperature. The GAD channel can be represented in terms of Kraus operators 12 34 10 0 , , 0 1 0 0
where the parameter e can be expressed as   
where '
 is the energy relaxation rate,  is the transition energy of quantum system and B k is the Boltzmann constant. Note that setting 1 h  would reduce GAD channel to the well-informed amplitude damping (AD) channel. The dissipation course under GAD channel can be described by a quantum operation as [3] 
Alice undergoes the GAD channel. How to finish the aim of enhancing quantum entanglement, we give a detailed physical scheme shown in Fig. 1 .
This letter is organized as follows: In Sec. 2, the Hawking radiation for Dirac fields in the Schwarzschild space-time is reviewed briefly. In Sec. 3, a physical scheme of enhancing quantum entanglement is put forward. Finally, we summarize our work in Sec. 4.
Hawking radiation for Dirac fields in Schwarzschild space-time
In this section, we introduce a metric Hawking radiation for Dirac fields under the Schwarzschild space-time, it can be written as 
On the one hand, we can obtain the positive (fermions) frequency outgoing solutions for the ( ), ( (6) where  is a 4-component Dirac spinor [40] ,  is a monochromatic frequency of Dirac flied, 
and based on the Damour-Ruffini's suggestion [41] , where U and V are the generalized light-like replaced by n  and n  , respectively.
Physical scheme for enhancing quantum entanglement
Now, let us introduce two local operations (weak measurement and filtering operation), respectively. We take a brief introduce about weak measurement [43] [44] [45] [46] . In practice, weak measurement can be realized by a device that monitors a qubit indirectly. If the device signals, which means the qubit transition 10  , then we discard the result. If the device has no signal, that is, null outcome, the qubit state was only partially collapsed and we let it evolve. The local non-unitary operator (weak measurement) for a single qubit can be written as
where m is the strength of weak measurement.
Besides, after one-qubit suffers from noisy environment, we can perform a filtering operation on a single qubit. This operation for a single qubit can be given by [47] 10
where f is the strength of filtering operation. Filtering is a non-trace-preserving map which is known to be capable of increasing entanglement with some probability [47, 48] . In fact, this map can be realized as a null-result weak measurement [49] . It is well known that the degree of entanglement for two-qubit system can be quantified conveniently by concurrence. Hence, we chose concurrence as entanglement measure. Generally speaking, concurrence can be defined as [50] [51] [52] 6   
Besides, Alice makes a weak measurement operation and then suffers from GAD noisy environment, subsequently, we perform a filtering operation on Alice. By utilizing Eqs. (1), (10), (11) and (15) 
The detailed calculation procedures are
where 2 is a 2×2 identity matrix. For clarity, the physical scheme sketch of the total system is depicted in Fig. 1. From Eq. (13) , we can obtain the concurrence
Now we have two control parameters m and f at hand, which can manipulate the qubits' entanglement for a certain purpose at any time during the evolution. If we would like to get the best effect of the entanglement recovery, one needs to make optimization regarding filtering operation strength, the optimal filtering operation strength Now, let us discuss the relationship between the entanglement (concurrence) and the decoherence strength e for the different weak measurement strength m in Fig. 2 . Herein, we 8 utilize the optimal filtering operation strength. One can see that entanglement always decreases with the increase of decoherence strength e, and QESD always appears in GAD channel. However, the QESD will never happen when 1 h  (Here, the noisy channel is an AD channel) and the weak measurement strength is a nonzero value. Certainly, quantum entanglement always increases with the increase of weak measurement strength in the presence of Hawking radiation and decoherence noise. It turns out that we obtain a better effect for entanglement recovery. As well as, our scheme can effectively recover the spoiled entanglement. Next, we illuminate the dynamics of the entanglement versus the parameter h for the different weak measurement strength with 0.5, 1, Fig. 3 . The results show that quantum entanglement decreases at the beginning and then increases with the increase of the parameter h , no matter what the strength of weak measurement is. Additionally, it is interesting that the concurrence of AB   is symmetrical with 0 m  . However, when weak measurement strength is nonzero, the symmetry is destroyed. Subsequently, we discuss how the Hawking temperature affects the dynamics of quantum entanglement for different weak measurement strengths. As shown in Fig. 4 , one can obtain that concurrence always decreases with the increase of Hawking temperature in the presence of decoherence noise, but QESD never occurs. It effectively manifest that the Hawking effect and decoherence noise can destroy quantum entanglement. However, the collective effect of weak measurement and filtering operation can recover the damaged quantum entanglement. In addition, due to the Pauli Exclusion Principle in Fermi-Dirac statistics, the quantum states cannot be excited infinitely with Hawking effect for Fermi particles. This readily explains why the physically accessible quantum entanglement does 9 not decrease to absolutely vanish, though hypothesis Hawking temperature increases to infinity. Furthermore, as shown in Fig. 5 , these local operations can obviously recover the spoiled quantum entanglement affected by the Hawking effect and decoherence as well. Thus, our scheme can gain a better preservation for quantum entanglement when Hawking temperature is relatively smaller. 
Conclusions
To conclude, we examine how to recover the damaged quantum entanglement under an open
Dirac system with Hawking effect in the background of Schwarzschild black hole. We have put forward a physical scheme to enhance the damaged quantum entanglement. For GAD channel, the results indicate that quantum entanglement always decreases with the increase of decoherence strength, and QESD always occurs. Nevertheless, QESD never happens when 1 h  (i.e., the noisy channel reduces to an AD channel), the weak measurement strength is a nonzero value and the optimal filtering operation is implemented. Besides, quantum entanglement decreases at the beginning and then increases with the increase of the parameter h in the presence of Hawking radiation, no matter what the weak measurement strength is. As well as, one can also obtain that quantum entanglement always decreases with the increase of Hawking temperature in the presence of decoherence noise, and QESD never appears. Furthermore, quantum entanglement always increases with the increasing weak measurement strength in the presence of Hawking radiation and decoherence noise, when we implement the optimal filtering operation. These results testify that the collective effect of weak measurement and filtering operation can effectively recover the damaged quantum entanglement, although the Hawking effect and decoherence noise can destroy the original quantum entanglement.
